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(Cities and economies seen as transactions environments show a geographical behavior which may be described with the models of neutron physics giving a new light to Zipf’s law)
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Abstract

The distribution of persons in each economy on their income is similar to the Maxwell-Boltzmann equilibrium distribution encountered in various physical systems. The transactions the persons are making to buy things that make them survive (in all sort of ways) are making them ‘poorer’ diminishing the amount of money they have. The ‘work and get paid’ type of transactions are rebuilding the financial capacity of the persons. Describing this process as a diffusion equation, in a cylindrical geometry, results in a Bessel function J0(r) solution which matches the density distribution of persons in Paris (as a typical circular pattern city). The analysis of the decrease in income shows a saving/spending behavior function which saturates around 15% - 20% of the total income. This is a possible explanation of the frequent savings value of 15%-22% of GDP found in various economies. Moreover, a simple equation for the dynamic behavior of a city, on which a 365d period is imposed, results in one week as the time after which persons have to be paid to restart transactions. The transaction cross section  is shown to have a “1/income” behavior, being a measure of the capability to make transactions, proportional with the probability of enterprises to have an income greater than a given value – this behavior has recently been shown to happen in various economies and is known as Zipf’s law. Using neutron physics methods in describing the economic transactions environment, opens an alternative view on the forecasting models of economic systems’ behavior, and shows that the geographical dimension of a city is determined by the economic transaction behavior/environment in that city.
Transactions environment

I was reading a World Bank publication /1/ where it was shown that the population of various countries has a given distribution per income values. The closer the income, corresponding to the maximum of this distribution, is to a given common poverty value, then, the greater the impact of income reduction will be on the population i.e. more persons will be affected each year. 

When I’m faced with this type of problems the first thing I do is trying to represent the process, in the ‘phase space’ and in time. At this moment something struck me: the time constant. 

We are not getting poorer every year, but, every time we spend money for all the things which help keeping us alive and well, and this is happening with totally different time constants than a year. All this spending represents interactions with various companies. After each such interaction we remain with less money than before. But, this way, we are, sooner or latter, spending all our money. Is there a type of interaction in which we gain money? Of course, some of us gain money every fortnight, some others more or less frequently, depending on the type of ‘work’ we do and on the frequency and amount of the ‘payment’. 

We are living in a space (e.g. city) where there are various companies with which we interact doing various transactions. Let’s consider, in order to make things simple, first, that the distribution of the companies is uniform. In a volume (we may consider a surface since the height of a city may be considered constant) of thickness dx there are C transactions taking place. Out of a number I of persons which are passing through the space, dI are having less money. So, there is a negative increase (a decrease), -dI, in the number of persons I, having the initial amount of money, which is equal to the number of transactions C:


-dI = C
or 
dI = -C

A sensible assumption would be that the number of transactions is proportional to the distance dx and to the number of persons I. Passing a company, does not mean that a transaction will be done every time. We may, thus, define a mean free pass between two transactions which we call The shorter the mean free pass is, the more transactions take place in a given space. The equation above becomes:


dI = -I dx/ 

Solving it and putting I0 the initial number of persons entering the space, each with a certain amount of money, we get the law of variation of the persons’ doing transactions (considering also that any person’s amount of money diminishes after the transaction) when passing through a transactions space:


I = I0 exp(- x/ ) 

Going ahead with this reasoning we may say that the greater the number N of companies, the greater is the probability, , to have more transactions i.e. a smaller  The probability of making transactions will also depend on the capability of a company to attract transactions which we will call  (see Annex 1.) and which may be considered specific to every type of transaction, including, this time, the ones in which the person receives money. So, we write:  

1/ =  N =  

The process described here is showing that the persons which pass, with money, through the transactions space will come direct from work or from some other place in the transactions space (diffusion) and will ‘disappear’ (absorption)– going back to work and gain more money - after having spent their initial amount of money.

Given the above, let’s consider how, the number of persons with income, used for transactions, are varying in a given space.

Diffusion equation

First, let’s calculate the number of persons diffused through an element of surface S placed around the origin O in the plane XOY (fig.1.) coming from the upper half space (z>0).
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fig.1.

We decompose this space in elements of cone, of thickness rdt and of height dr. All points of these elements play the same role versus S. Such a crown has a volume:


dV = 2r sin . r d. dr

The number of transactions in this volume element is:


I/ dV

Each point in the crown sees the surface S with an apparent surface S cos , such that the probability that a person, after isotropic diffusion in the crown, is sent toward S is:


S cos  / 4r2
But we saw above that the number of persons which arrive at the surface S is multiplied by a factor exp(-r/) due to the diffusion in that transactions space. Thus, the number of persons that pass S is:


dn = I/2r sin . r d. dr S cos  /(4r2). exp(-r/)

Let’s call the current density the number of persons that pass through the unit of surface in one direction. Here the direction is toward the negative z and will be noted J- . We have:


J- = (0=/2   (0r= ( I/2. sin . cos  d. exp(-r/) dr

This integration needs the knowledge of the distribution of I(,r). But, the exponential term makes negligible the contribution of far away regions and, if we assume that the function I has no singularity in O and varies smoothly around this point (condition which is met at some distance from borders and from sources) we may put:


I = I0 + x((I(x)0 + y((I(y)0 + z((I(z)0
But:


x = r sin . cos 

y = r sin . sin 

z = r cos .

The integration of terms in x and y containing  should give the same variable. But, integration of cos  or sin  from 0 to 2 leads to zero, thus, eliminating the two terms. Wherefrom:


J- = (I/(2(0=/2   (0r= ( sin . cos  d. exp(-r/) dr +




+ (1/(2((I(z)0  (0=/2   (0r= ( sin . cos  d. exp(-r/) dr

Integrating by parts we have :


J- = I0/4 + (/6) ((I(z)0
The calculation toward positive z values is the same, having only to change the sign of the gradient (((I(z)0). Thus:


J+ = I0/4 - (/6) ((I(z)0
Thus the current in any given direction is :


J = J+ - J- = - (/3) ((I(z)0
The persons diffusing from an elementary cube, see fig.2, in the direction x are passing through the surface dydz.
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fig.2

The persons entering at x = 0 are given by:


J(x) dydz

The persons exiting at x + dx are:


J(x + dx) dydz

Thus the number of persons exiting along the x axis (putting dv the volume element):


(J(x + dx) - J(x)) dydz = ((J(x) dxdydz = - (/3) ((I(x2)0 dv

The same reasoning applies to directions y and z so the total number of persons coming out of dv is :


- (/3) ((I(x2 + (I(y2 + (I(z2)0 dv = - (/3) (2 I0 dv

Having I, the density of persons with money, the variation of their number in a volume dv and a time dt is given by the balance equation;


(n/(t dv = (production + diffusion losses + absorption) dv

We consider that the persons with money are gaining their money in the given environment at a rate of S per unit of volume. So:


Production = S dv

From above:


Absorption = Ia dv

The index ()a comes from ‘absorption’ : the name used in physics for the ‘disappearance’ process described above, that is actually a representation of the fact that a transaction changes the person that does it.

The balance equation becomes: 


(n/(t = S + (/3) (2 I - a I

Let’s consider a person which comes from a unique source, S, (e.g. place of work) having a certain amount of money. It starts zig-zaging (diffuse) (see fig.3.) in the transactions space until it spends all the money and, thus, ‘disappears’ from the transactions making capability point of view. It is interesting to calculate the expression of the source and the radius (straight line) of the circle which the person needs to diffuse like we described above. We have that the stationary diffusion equation without sources in the environment is given by:


d2u/dr2 – (1/L2)u = 0

where: (we call L the diffusion length) and we noted I = u/r to simplify the equation which should be written in spherical coordinates to account for the unique source taken into consideration.

The solution of this type of equation is :


u = A1 exp(-r/L) + A2 exp(+r/L)

from which:

I = A1 exp(-r/L)/r + A2 exp(+r/L)/r

The condition that I is finite when r (( gives A2 = 0; and the condition that the current density of persons from an infinitely small sphere around the source (which ‘emits’ n persons) is n, gives:


lim r ( 0 (4  r2 J) = n

from which:


J = - (/3) ((I(r) = A1 (/3) exp(-r/L) (r/L +1)/r2
giving:


A1 = (3n)/(4)

Finally:


I = (3n)/(4) exp(-r/L)/r

Now, using the result above we calculate the mean square r2 of the radius (straight line) of the circle which the person needs to diffuse. 

The number of persons which ‘disappear’ – from doing transactions point of view –  in the spherical crown at the distance r is:


dn = 4  r2 dr Ia  

where, Ia is the number of ‘disappearances’ per unit of volume. 
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fig.3.

By definition we have:


r2 = (1/n) (0( r2 dn

where, with the value of the number of persons given by a point source i.e. having 


L2 = a   

I = (3n)/(4) * (1/r) exp(-r/L)  the expression above becomes :


r2 = (1/n) (0( r2 4  r2 dr a (3n)/(4) * (1/r) exp(-r/L)


r2 = L2  (0( r3 exp(-r/L) dr    which after integration by parts gives :


r2 = 6 L2
We see that L is one sixth of the medium square straight line trajectory of the person in the transactions space.

Let’s make things more complex and consider that the place of work, source, is not unique but, there are a uniform number of working places in the transactions space. It is interesting to note here that the enterprises are both absorbers of money through the sale of their products and sources of income to their employees, shareholders, etc..

We start by considering that a person is in the situation of having spent its money and goes to work to get more money. He gets paid and raises by a factor K (which may be greater or smaller than one) its financial capacity. Also, from its ‘birth’, for transactions, to its ‘disappearance’ it travels a length M defined for this fictive person similar to L above.

If the number of persons is constant in time : (n/(t = 0, then the persons which pass, with money, through the transactions space will come direct from work or from diffusion and will ‘disappear’ – going back to work and gain more money - after having spent their initial amount of money. Writing this balance, which is constant in time, as we said above, we have:


S + /3 ( I – (1/a) I = 0

Where, S are the persons that: ‘disappear’ then – go to work then – come back with new money. As per the consideration above:


S = K I/a     wherefrom 


( I + 3(K-1)/(a) I = 0  or, with M2 = (a)/3


( I + (K-1)/M2 I = 0

We see that the coefficient of I depends only on the structure of the work.

If we put B2m = (K-1)/M2 the equation becomes : 


( I + B2m I = 0

This type of diffusion equation has to satisfy zero limit conditions on the border of the transactions space i.e. nobody goes outside the city to make transactions (this condition implies that the city limits act like a reflector for the transactions space but, we will keep things simple for the moment). Under these conditions the geometry of the city gives increasing eigen values of B. We will call Bg the minimum of these geometry determined values. The condition for the existence of solutions is then:


Bm = Bg 

Based on the above relations let’s calculate the distribution of persons in a transaction space having a cylindrical geometry. If one looks at a map of great cities, several of them are having a circular base (remember we said the height is taken as constant). We note R and H the dimensions of the cylinder (see fig.4.):
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and, the diffusion equation becomes, in cylindrical coordinates (r,z) :


(2I/(r2 + (1/r)(I/(r + (2I/(z2 + B2g I = 0

 We put:  I = Z(z) * T(r) and have :


(1/T)d2T/dr2 + (1/r) dT/dr + (1/Z) d2Z/dz2 + B2g = 0

Each of the two terms in Z and T must be independently constant and so we write:



–a2 –b2 + B2g = 0

The term in T becomes:


d2T/dr2 + (1/r) dT/dr + a2 T = 0  or :


d2T/d(ar)2 + (1/(ar)) dT/d(ar) + T = 0

while the one in Z is :


d2Z/dr2 + b2 Z = 0

We have, for T, the Bessel differential equation of order 0. The solution is given by:

T = A J0(ar) + C N0(ar)

The two Bessel function of order 0 i.e. J0 and N0 are represented in fig.5. We see that N0 is infinite for r=0 which is physically in-acceptable to describe the distribution of persons in the city, hence C=0.
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The equation in Z is easily solved to:  Z = A’ cos(bz) , so we have :


I = A’’ J0(ar) . cos(bz)

The limit conditions are:

1. cos(bH/2) = 0 , wherefrom b = /H ;

2. J(aR) = 0 ; the first zero of the Bessel function J0 is at aR = 2.405 hence a = 2.405/R.

Thus the Laplacian is determined by :


B2g = (2.405/R)2 + (/H)2 

From the above calculations we obtained that the radial distribution of persons in a city (a transactions space) is given by I = J0( 2.405 r/R ). What would be the critical dimension R of a city which is characterized by a given B2m ?

From the equality B2g = B2m we can determine the value of R : 

First we calculate the minimum critical volume. From the above relation we may write:


R2 = ((2.405)2 H2) / (B2m H2 – 2)

The volume V results as:


V =  ((2.405)2 H3) / (B2m H2 – 2)

Deriving by respect to H we find the minimum volume V for:


B2m H2 = 3 2
With these values of H and R we have the minimum critical volume given by:


Vc = 148/ B3m
The volume may also be written as a function of R (considering the relation between R and H resulting from the above relations i.e. R = (2.405//(2) H = 0.54 H)


 ((2.405)2 (R/0.54)3) / (32 – 2) = 148/ B3m    i.e.


 R3 = 148 / (K-1) 1.5 * M3
Considering that we may measure M2 from the relation:


M2 = 2/3   where     = - 2 / ln(I/I0) = 2 / ln(I0/I) 

we have that:


R3 = 38.97 / ((K-1) 1.5 (ln(I0/I))3) 

We consider for the moment that H has no significance for the transactions space and consider only the radial behavior (distribution) of persons.

To have a value for R we need measured values of I0 and I which are specific to various cities. If, now we take Paris, for example, and consider that the distribution of the number of the persons doing transactions is proportional to the density distribution of the population of the city shown in fig.6, below, /2/, and that K is 1.02 (see Appendix 1), then, we may determine the critical dimension of the city, from the formula above (where we take I0=290pers/ha and I=50pers/ha) /2/, as being : 

R = 13.64 km.
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fig.6.

We are now in the position to draw the radial distribution of persons in Paris resulting from the calculations above and to compare it with the real data of distribution of persons, /2/. The Bessel function is scaled by I0 = 290 persons/ha. A striking matching of the real and the calculated distributions are obtained as seen in fig.7. :
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fig.7.

Actually the above figure is only giving the distribution for the first 11 km from the city center (the critical radius is actually giving the distance at which the theoretical distribution becomes zero). The size of Paris is greater than the critical radius, as may be seen in fig.4 above. We should notice though that, after approximately 11 km, the distribution is dropping very smoothly. 

It is now the time to talk about the city limit as bringing a reflector effect to the distribution. Let’s see how this can be taken into account, to look at what is the distribution beyond the 11 km limit.

The reflector (Albedo)

The city is finite and the distribution of persons is not zero on the border. This situation can be represented by considering that there is a reflector on the border of the city which is having persons diffuse back into the city. In this environment there are no enterprises i.e. no sources of money, so the diffusion equation is:


(2I’/(r2 + (1/r)(I’/(r + (2I’/(z2 - 1/L’2 I’ = 0

where: 

1/L’2 = 3/(’a’); 

the (‘) is marking the values in the reflector.

If we make the change of variable T = I’/r and take only the radial part of the equation we have:


(2T/(r2 - 1/L’2 T = 0

We will not solve here the equation but will calculate the positive J+(outward form the city) and the negative J-(inward from the border) currents of persons.

The ratio of these currents is the albedo i.e. the ratio of inward coming persons; it is written:


 = J-/J+
Considering the expressions for the current densities determined above we can define the albedo as:


 = [I0/4 + (/6) ((I(z)0]/[ I0/4 - (/6) ((I(z)0]

If we assume the reflector as an infinite environment, then:  I = a1 exp(-x/r) .

So, we have:


 = [1 - 4(/6) (1/r)]/[ 1 + 4(/6) (1/r)]

which, may also be written as :


 = [3 - 2(/r)]/[ 3 + 2(/r)]

If now we put the condition that there is an inward current equal to J- i.e. all the persons which reach the limits of the city are reflected back, then :


J+ - J- = J-
and we have : J+ = 2 J-  which gives  = 1/2.

Determining (/r), for the above value of  we find that:


(/r) = 1/2    or that   2r 

The value of  is:


 = (R) / ln(I0/I)

which, with R = 13.64 km, I0=290 and I=50 gives :  =  7.8 km.

We have that r2 = 3.9 km and, from here, putting, Lr2 = r2/3 , we have that 

Lr = 2.25 km

The thickness (t) of the reflector which results in an effect equivalent with the infinite thickness reflector is t > 3 Lr /3/. Hence the reflector, in the case of Paris, would be minimum 6.75 km thick beyond the critical radius. This gives a total city radius of 13.64 + 6.75 = 20.4 km. From the conditions above, in the reflector there would be a smoothly falling distribution I = a1 exp(-r/(R+t)), where a1 is determined from the measured data, to ensure border continuity (at 11 km radius), at a value of 156.

The final distribution (theoretical and experimental) is shown in the figure 8, below:
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fig.8.

Decrease of income

Up till now we described the behavior in the transactions space from one transaction to another which lead to good predictions of the population density distribution in a city (viewed as a transaction environment). Let’s see now what happens with the income, which we said is decreasing after each transaction that is not of the ‘work and get paid’ type. 

We start with a given income E0 and assume that, after a transaction, the income will pass from an initial value E0 to an income interval dE around a value E which lays in a band [E0, E0]. The parameter  is measuring the loss of income in a transaction and will be discussed later. The basic consideration to make here is that the probability to have a given decrease of income is proportional to the size of the band in which the remaining income will be found. This gives:


P(E) = (E+dE – E)/(E0-E0) = dE/(E0(1-))

The relative decrease of income, from E0 to E is given by:


(E0E dE/E = ln(E/E0)

We define thus, the logarithmic income decrease  = - ln(E/E0) and will calculate bellow the average logarithmic decrease of income for the interval [E0, E0] i.e. for the  transaction. The average of  is done for the probability determined above, giving:


 = - (E0E0  dE/(E0(1-)) ln(E/E0) = 1 + (/(1-)) ln 
The average logarithmic decrease of income does not depend on the initial income but only on  which characterizes the transaction. If n transactions are done in succession with the income decreasing from E0 to E1, E2, …, En-1, En then we may write:


ln(E0/En) = ln(E0/E1) + ln(E1/E2) + ….+ ln(En-1/En) = n
Consider now that the part of the income remaining after spending E, is saved (i.e.    = ln(E/(1-)E)). In this context 1- represents the proportion of saved income. Bellow (fig.9) we give the variation of n() resulting, from the formulae above, to be:


n() = ln(1/(1-))/(1+/(1-) ln)
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fig.9.

One interesting comment should be made here i.e. we see from fig.9 above that after cca. 80% of the initial income is spent, it takes to spend the rest of 20% a very fast increasing number of transactions (a saturation bellow cca 20% to15% of savings). Is this a description of the spending behavior of persons in different economies?  Is 15% - 20% a saturation limit for the savings in a well operating economy? (See Annex 1). We hope all these questions may result in more research on the physics of human economic transactions.

Dynamic evolution equation

The calculations made above for the solution of the diffusion equation assumed that it was a stationary state situation i.e. (I/(t = 0. Let’s see now a simple dynamic behavior situation.

We start with the diffusion equation:


(I/(t = S + (/3) (2 I - a I

and assume all transaction environment evolves in phase – no local perturbations of I will be considered. Under these conditions we may put:


I(x,y,z,t) = I(t) (x,y,z)

The function (x,y,z) is changing very little for a slow variation of the steady state distribution; thus, we have at any time :


(2 (x,y,z) = - B2 (x,y,z)

We may, thus, replace the value of (2 I, in the dynamic diffusion equation, with the one above. The remaining equation will be in I(t) only since the source S is also proportional to (x,y,z). After dividing by (x,y,z) we get :


dI/dt = S - (/3) B2 I - a I

We will make now another consideration which is important when we consider the dynamic case: not all the persons are paid in the same day (prompt pay). We made this assumption for the steady state case, but, in the dynamic situation the fact that a proportion  of persons is paid later (delayed pay) is not negligible, as we shall see bellow.

The source of prompt paid persons is:


S = (1-) K a I 

The source of delayed pay persons is given considering that the concentration of the persons having a delayed pay is C(I) (we take only one group of delay paid persons for simplicity). The decrease of this concentration, in time, is done with a constant C.

The variation of this concentration is:


dC/dt = Ka I - CC

Considering a solution of the type: C = C0exp(t) and I = I0exp(t), where  is a real or imaginary constant, we have:


C = Ka I (C/(+C))

that is the source of delayed pay persons.

With the above expressions for the sources, and after some algebra, the diffusion equation becomes:


 = K(1-) – 1 + K(/(+C))

or with K = K-1 :


K/K = /K + (/(+C))

We noted with  the time used by a person, having spent his money doing transactions, till the moment he goes to work to rebuild his financial capacity. This is the disappearance (death) of the person (although it does not mean physical death in the real world). We may say that every person is entitled to be paid only once, but, after it gets paid it becomes a ‘different person’ which, then, repeats the process).

The way we defined I(t), shows there is a period of time variation of the transactions environment which is given by:


T = 1/ 

From the expression above we obtain a second order equation for  with two real roots, one positive and small and the other negative and relatively big. The evolution of I is determined only by the positive exponential, i.e. after a short time the negative  exponential component becomes negligible.

We come back to the case of Paris, for which we have: K=1.02; K=0.02; and consider the limit value of  = 0 (all persons paid at the same date). We have from the expression above that:


 = K/K * T

Let’s consider that the period T of the city is 365 days (one year for which the values of K are actually calculated), then, the value of  is:


 = 0.02*365 = 7.3 days.

Is 7 days the time after which the persons in Paris have to come back to work and replenish their source of money? This result is serving one more time to enhance the need for an in depth program to develop the details of the physics of economic transactions systems.

 Conclusion
If a city with persons doing transactions, in which they loose or gain money, is regarded as an environment where transactions (reactions) are taking place among enterprises and persons, then, the critical dimensions of the city may be calculated as well as the distribution of persons in the city. The ‘experimental’ data from Paris – a city which observes the condition of a uniform distribution of transaction offers (enterprises) – result in a very good matching of the population distribution data with the calculated theoretical distribution, in a cylindrical geometry, i.e. a J0 Bessel function. 

Describing the decrease in income resulting from doing transactions, it was shown that a saturation level of saved income occurs at 15% - 20% of the initial income, which matches closely the value in the USA, and most of the EU countries.

The dynamic diffusion equation is providing also a value for the average time to replenish financial resources of the persons in Paris which is very close to one week. This time value results if a period of 365 days is considered for the mentioned city.

The variables and parameters introduced in this approach are related to economic data from which they can be determined. One recommendation to be made here is to start some program of measurement of parameters like , , N, K, etc. which may lead to the possibility of understanding better the dynamics of the ‘transactions space’, be it a city, an economy or a number of interacting economies. This may show, as a result, the possibility to predict crises and the ways to avoid them, or to absorb their shocks in a more resilient manner.

Some inferred suggestions for possible correlation among these parameters and some economic behavior are given in Annex 1. 

Annex 1.

The coefficient K

We have considered above that, a person, who is in the situation of having spent its money, goes to work to get more money. He gets paid and raises by a factor K (which may be greater or smaller than one) its financial capacity. 

The simplest way to assess K, based on the available data, is to consider that the increase in K is equal to the increase in GDP, for France, over a long enough period to eliminate short time fluctuations. We state it again here: the time constants for the process are very important, but, in the example we considered in the paper, the values taken into account for the given economy are average ones. It would be very important to have the values of K measured specifically for Paris in order to raise the accuracy of the data, but, for the time being we assume that Paris is behaving like the whole French economy.

So, from /7/, we have that the increase in GDP in France, between 1980 and 1990, was 2.3%/year, while for the following period, 1990 – 1998, it was 1.3%/year. A time interval weighted average of these values gives an increase of GDP, in France, of 1.9%/year for the whole period.

Another correction to make to the above data would be given by taking into consideration the private consumption increase per year – this value would probably reflect better the evolution of the financial capacity of the persons doing transactions. The values, also given in /7/, are: 2.6%/y for the first period above and 1.2%/y for the second period. The weighted average is: 2.06%/y.

From the two values above it is reasonable to take K = 1.02, value which is used to calculate the distribution of persons in Paris.

 Gross domestic savings

The table T.1., /7/, bellow, gives the gross domestic savings (in %GDP) for USA and various countries taken at random from Europe:

	Country
	Gross domestic Saving [% GDP] 1997        
	Country
	Gross domestic Saving [% GDP] 1997        

	France
	20
	Poland
	18

	Germany
	22
	Italy
	22

	Spain
	21
	Hungary
	27

	United Kingdom
	15
	Romania
	14

	USA
	16
	Russian Federation
	25





The interval 15% - 22% is containing most of the values presented above.

The behavior of 

We introduced  as a characteristic of an enterprise. It measures the probability of that enterprise to make transactions. How can we relate the value of  with the ‘propensity’ of an enterprise for transactions? Let’s assume that the more transactions an enterprise makes the higher is its revenue is. For the moment we consider that the majority of these transactions are profitable i.e. consider the enterprises with positive income (i.e. we will select the viable enterprises in a given economy or sector of activity).

The probability of an enterprise having the income greater than a given value is determined by various factors like the advertising budget, the low costs of its activity, and is also proportional to the number of transactions it makes.

In recent years various papers /4/,/5/,/6/, have explored the probability distribution to have an income greater than a certain value, over the values of the incomes for enterprises in different economies. These data are the base of understanding the behavior of  as a function of the income of enterprises. We mentioned that  is dependent on the type of transaction, but, since the measured values are scarce we will limit the discussion to general behavior for the whole economy.

A typical representation of the above mentioned relation is given below:
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The dependence of probability on income may be described by a power law which applies across various economies. The function is of the form:


P(i>x) ~ xb
Below are given the values of b for various economies:


Economy/sector



b

Source___________________

USA

Overall


-1.4

Montroll and Schlessinger /5/


Japan

Overall


-1

Okuyama et.al./6/




Construction

-1.13

Okuyama et.al./6/




Electrical products
-0.72

Okuyama et.al./6/


Romania
Overall


-1.07

Purica – present paper (fig.A1)


Italy

Overall


-1

Okuyama et.al./6/

The power law dependence, of the probability of having an income greater than a given value of the income, could be called a ‘1/income’ dependence. If we assume (see above) that  is measured by this probability then the variation law of  is of the type ‘1/income’. From the data available we do not know if this law is valid for the whole domain of income and for each economic sector (e.g. a resonance variation may be encountered as a different type of behavior). If we consider the annual individual GDP/cap in France of US$22210 /7/ and, that, there are N=20000 entities in all city with which any individual may interact, we have very roughly that  = 1/ = 1/N. With  ~ 1/[GDP/cap] we have that  = 1.1. If we express  depending on I (density of persons in Paris) to give the same value, we have:


 = - 2 / ln(I/I0) = 2 / ln(I0/I),     where I = 50 and I0 = 290
This value will be used in the calculation of the city radius made in the paper.
Distribution of persons on their income values 

From /1/ an extensive database of distributions may be represented for the countries in Eastern Europe and the Newly Independent States. Some of these distributions are given in the figure A2 below: 
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fig.A2
If we consider that, in the transactions space, the persons are at equilibrium with the enterprises, in the frame of the economic processes taking place there, then we may import from physical systems the typical equilibrium distribution, i.e. the Maxwell-Boltzmann one. This distribution, un-scaled, is represented both in fig.A2 and, alone, in fig.A3.

The expression for the distribution is given below (using the notation E for income) :


dn(E)/n = (2 (E)/(kT)3/2exp(-E/kT) dE

Again, we are faced with a striking similarity of the theoretical distribution and the ones of the countries in fig.A2. :
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fig.A3

This exercise should be taken in consideration only from the potential similarity it shows between economies and other physical systems whose behavior we have already analyzed and know how to predict. The full correlation of the distributions determined above and the usual economic indicators should be the purpose of a separate analysis.
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		3.71		-0.3997478635		0.1019079599

		3.81		-0.4026643377		0.0603643817

		3.91		-0.4015338513		0.0193018228

		4.01		-0.3964703682		-0.0209141233

		4.11		-0.3876188016		-0.059933023

		4.21		-0.3751534409		-0.0974222146

		4.31		-0.3592761379		-0.1330692664

		4.41		-0.3402142688		-0.1665842582

		4.51		-0.3182184917		-0.1977018651

		4.61		-0.2935603205		-0.2261832228

		4.71		-0.2665295383		-0.25181756

		4.81		-0.2374314732		-0.274423581

		4.91		-0.2065841632		-0.2938505888

		5.01		-0.1743154348		-0.3099793378

		5.11		-0.1409599221		-0.3227226103

		5.21		-0.1068560536		-0.332025513

		5.31		-0.0723430334		-0.3378654909

		5.41		-0.0377578449		-0.3402520615

		5.51		-0.0034323009		-0.339226272

		5.61		0.0303098304		-0.3348598859

		5.71		0.0631556012		-0.3272543091

		5.81		0.0948055357		-0.3165392654

		5.91		0.1249761362		-0.3028712348

		6.01		0.1534022208		-0.2864316719

		6.11		0.1798390739		-0.2674250192

		6.21		0.2040643917		-0.2460765376

		6.31		0.2258800055		-0.2226299719

		6.41		0.2451133712		-0.1973450759

		6.51		0.2616188107		-0.1704950193

		6.61		0.2752784986		-0.1423637007

		6.71		0.2860031852		-0.1132429926

		6.81		0.2937326527		-0.0834299426

		6.91		0.298435902		-0.0532239577

		7.01		0.3001110711		-0.0229239968

		7.11		0.2987850875		0.007174203

		7.21		0.2945130605		0.0367808413

		7.31		0.2873774209		0.0656146859

		7.41		0.2774868178		0.0934055983

		7.51		0.2649747856		0.1198969304

		7.61		0.2499981936		0.1448477717

		7.71		0.2327354962		0.1680350277

		7.81		0.2133847995		0.1892553129

		7.91		0.1921617644		0.208326641

		8.01		0.1692973692		0.2250899092

		8.11		0.1450355721		0.2394100735

		8.21		0.1196308225		0.2511772628

		8.31		0.0933455535		0.2603074697

		8.41		0.0664475983		0.2667430796

		8.51		0.0392075871		0.270453129

		8.61		0.0118963421		0.2714333113

		8.71		-0.0152177028		0.2697057315

		8.81		-0.0418710358		0.2653184152

		8.91		-0.0678075298		0.2583445766

		9.01		-0.0927808112		0.2488816569

		9.11		-0.1165565153		0.237050142

		9.21		-0.1389144053		0.2229921733

		9.31		-0.1596503391		0.2068699664

		9.41		-0.1785780636		0.1888640543

		9.51		-0.1955308239		0.1691713723

		9.61		-0.2103627717		0.1480032053

		9.71		-0.2229501623		0.1255830163

		9.81		-0.2331923298		0.1021441797

		9.91		-0.2410124344		0.0779276395

		10.01		-0.2463579748		0.0531795163

		10.11		-0.2492010643		0.0281486868

		10.21		-0.2495384692		0.0030843573

		10.31		-0.2473914106		-0.0217663446

		10.41		-0.2428051343		-0.0461607369

		10.51		-0.2358482541		-0.0698628881

		10.61		-0.226611877		-0.0926458368

		10.71		-0.215208519		-0.1142937071

		10.81		-0.2017708261		-0.1346036997

		10.91		-0.1864501108		-0.15338794

		11.01		-0.1694147232		-0.1704751685

		11.11		-0.1508482698		-0.1857122564

		11.21		-0.1309477014		-0.1989655352

		11.31		-0.1099212874		-0.2101219269

		11.41		-0.0879864973		-0.219089868

		11.51		-0.0653678108		-0.2258000174

		11.61		-0.0422944774		-0.2302057449

		11.71		-0.0189982482		-0.2322833966

		11.81		0.0042888998		-0.232032336

		11.91		0.0273370222		-0.2294747621

		12.01		0.0499204302		-0.2246553091

		12.11		0.0718198539		-0.2176404307
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Sheet1

		R [km]		Paris [cap/ha]		Moskow [cap/ha]																R		cos(PI/2/12.4)		Poly3		Bessel J(2.405/R*r,0)		290		K-1		R(I=6E6)		R(I=10E6)

		1		275		115																1		282.7164799789		275.871		287.6127584847				0.01		14.72		14.96

		2		280		170																2		275.9025126433		282.2484		280.509958894				0.02		12.38		12.58

		3		285		175																3		264.6672897885		275.2158		268.8667682792				0.03		11.19		11.37

		4		250		150																4		249.1908525115		257.6568		252.9697901393				0.04		10.41		10.58

		5		235		125																5		229.7212061062		232.455		233.2092164059				0.05		9.84		10.00

		6		200		95																6		206.5703458524		202.494		210.0681571289				0.06		9.41		9.56

		7		165		110																7		180.1092573845		170.6574		184.1094554112				0.07		9.05		9.20

		8		150		160																8		150.7619717571		139.8288		155.9603661476				0.08		8.75		8.90

		9		110		170																9		118.9987704742		112.8918		126.2955377643				0.09		8.50		8.64

		10		92		195																10		85.3286493676		92.73		95.818783827				0.1		8.28		8.41

		11		91		150																11		50.2911620912		82.227		89.4827935767				0.11		8.08		8.21

		12		90		140																12						85.0756878653				0.12		7.91		8.04

		13		80		195																13						80.8856359581				0.13		7.75		7.88

		14		78		260																14						76.9019477657				0.14		7.61		7.73

		15		70		300																15						73.1144596949				0.15		7.48		7.60

		16		53		240																16						69.5135087185				0.16		7.36		7.48

		17		50		255																17						66.0899077216				0.17		7.25		7.37

		18		55		270																18						62.834922063				0.18		7.15		7.26

		19		70		250																19						59.7402472901				0.19		7.05		7.17

		20		60		200																20						56.7979879516				0.2		6.96		7.07

		21		65		240																21						54.0006374545
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Sheet6

		r						I		K

		0.01		0.999975003		-3.0054556509		1.0000250001		4.721244735

		0.11		0.9969772896		-1.4726049764		1.0030272866		2.333267877

		0.21		0.9890053527		-1.0486186907		1.0110554187		1.7061851994

		0.31		0.9761189172		-0.7846768797		1.0241696733		1.3424657868

		0.41		0.9584144698		-0.5884050576		1.0424685721		1.0930090485

		0.51		0.9360244564		-0.4299273869		1.0660897036		0.9080637359

		0.61		0.9091161802		-0.2959947019		1.095210871		0.7646395296

		0.71		0.8778904103		-0.1797011816		1.1300515774		0.6501239979

		0.81		0.8425797142		-0.0770773011		1.1708748598		0.5568106822

		0.91		0.8034465269		0.0143110036		1.2179894895		0.4796285917

		1.01		0.7607809748		0.0960257697		1.2717525569		0.4150561277

		1.11		0.7148984732		0.1691046642		1.3325724641		0.3605459542

		1.21		0.6661371176		0.2342576595		1.4009123517		0.3141961104

		1.31		0.6148548923		0.2919851884		1.477293989		0.274550243

		1.41		0.5614267202		0.3426526366		1.5623021638		0.2404702111

		1.51		0.50624138		0.3865391795		1.6565896072		0.2110515176

		1.61		0.4496983161		0.4238708232		1.7608825007		0.1855652496

		1.71		0.3922043709		0.4548433137		1.8759866099		0.1634170623

		1.81		0.334170466		0.4796383046		2.0027941029		0.1441174872

		1.91		0.2760082617		0.4984348875		2.1422911106		0.1272599764

		2.01		0.2181268241		0.5114178301		2.2955660971		0.112504359

		2.11		0.1609293271		0.5187834092		2.4638191142		0.0995641936

		2.21		0.1048098191		0.5207434365		2.6483720216		0.0881969164

		2.31		0.0501500805		0.5175278947		2.8506797642		0.0781961013

		2.41		-0.0026833995		0.5093864759		3.0723428053		0.0693853249

		2.51		-0.0533423029		0.4965892419		3.3151208286		0.0616132209

		2.61		-0.101499194		0.4794265648		3.5809478287		0.0547494717

		2.71		-0.1468500403		0.4582084732		3.871948726		0.0486815346

		2.81		-0.18911652		0.4332635045		4.1904576537		0.0433119461

		2.91		-0.2280481		0.4049371413		4.5390380808		0.0385560901

		3.01		-0.2634238644		0.3735899027		4.9205049491		0.0343403362

		3.11		-0.2950540812		0.3395951482		5.3379490234		0.030600481

		3.21		-0.3227814937		0.3033366466		5.7947636711		0.0272804349

		3.31		-0.3464823264		0.2652059575		6.2946743088		0.0243311123

		3.41		-0.3660669996		0.2255996694		6.8417707798		0.0217094883

		3.51		-0.381480546		0.1849165351		7.4405429465		0.0193777955

		3.61		-0.3927027293		0.143554543		8.0959198149		0.0173028366

		3.71		-0.3997478635		0.1019079599		8.813312535		0.0154553952

		3.81		-0.4026643377		0.0603643817		9.598662086		0.0138097286

		3.91		-0.4015338513		0.0193018228		10.4584912537		0.0123431304

		4.01		-0.3964703682		-0.0209141233		11.3999613041		0.0110355523

		4.11		-0.3876188016		-0.059933023		12.4309352201		0.0098692768

		4.21		-0.3751534409		-0.0974222146		13.5600471261		0.008828632

		4.31		-0.3592761379		-0.1330692664		14.7967782916		0.0078997446

		4.41		-0.3402142688		-0.1665842582		16.1515407591		0.0070703239

		4.51		-0.3182184917		-0.1977018651		17.6357693375		0.0063294735

		4.61		-0.2935603205		-0.2261832228		19.2620227828		0.0056675265

		4.71		-0.2665295383		-0.25181756		21.0440950823		0.0050759015

		4.81		-0.2374314732		-0.274423581		22.9971378463		0.0045469761

		4.91		-0.2065841632		-0.2938505888		25.1377949209		0.0040739757

		5.01		-0.1743154348		-0.3099793378		27.4843504456		0.0036508764

		5.11		-0.1409599221		-0.3227226103		30.0568917027		0.0032723186

		5.21		-0.1068560536		-0.332025513		32.8774882449		0.0029335318

		5.31		-0.0723430334		-0.3378654909		35.9703889339		0.0026302677

		5.41		-0.0377578449		-0.3402520615		39.3622386894		0.0023587417

		5.51		-0.0034323009		-0.339226272		43.0823169309		0.0021155805

		5.61		0.0303098304		-0.3348598859		47.1627998904		0.0018977765

		5.71		0.0631556012		-0.3272543091		51.6390491992		0.0017026472

		5.81		0.0948055357		-0.3165392654		56.5499293907		0.0015277989

		5.91		0.1249761362		-0.3028712348		61.9381572291		0.0013710951

		6.01		0.1534022208		-0.2864316719		67.850686069		0.0012306283

		6.11		0.1798390739		-0.2674250192		74.3391287736		0.0011046947

		6.21		0.2040643917		-0.2460765376		81.4602230745		0.0009917722

		6.31		0.2258800055		-0.2226299719		89.2763436523		0.0008905006

		6.41		0.2451133712		-0.1973450759		97.8560656463		0.0007996639

		6.51		0.2616188107		-0.1704950193		107.2747847794		0.000718175

		6.61		0.2752784986		-0.1423637007		117.6153998097		0.0006450614

		6.71		0.2860031852		-0.1132429926		128.9690635972		0.0005794532

		6.81		0.2937326527		-0.0834299426		141.4360097114		0.0005205723

		6.91		0.298435902		-0.0532239577		155.1264622059		0.0004677218

		7.01		0.3001110711		-0.0229239968		170.1616369601		0.0004202783

		7.11		0.2987850875		0.007174203		186.6748438383		0.0003776834

		7.21		0.2945130605		0.0367808413		204.8126998531		0.0003394371

		7.31		0.2873774209		0.0656146859		224.7364645547		0.0003050914

		7.41		0.2774868178		0.0934055983		246.6235100027		0.0002742452

		7.51		0.2649747856		0.1198969304		270.668938933		0.0002465388

		7.61		0.2499981936		0.1448477717		297.0873661114		0.0002216501

		7.71		0.2327354962		0.1680350277		326.1148793868		0.0001992903

		7.81		0.2133847995		0.1892553129		358.0111986322		0.0001792003

		7.91		0.1921617644		0.208326641		393.0620526111		0.000161148

		8.01		0.1692973692		0.2250899092		431.5817958354		0.0001449253

		8.11		0.1450355721		0.2394100735		473.9162897283		0.0001303453

		8.21		0.1196308225		0.2511772628		520.4460748708		0.0001172405

		8.31		0.0933455535		0.2603074697		571.5898638319		0.0001054607

		8.41		0.0664475983		0.2667430796		627.8083870829		0.000094871

		8.51		0.0392075871		0.270453129		689.6086277955		0.0000853504

		8.61		0.0118963421		0.2714333113		757.5484849665		0.0000767903

		8.71		-0.0152177028		0.2697057315		832.2419083199		0.0000690931

		8.81		-0.0418710358		0.2653184152		914.3645528582		0.0000621713

		8.91		-0.0678075298		0.2583445766		1004.6600058031		0.0000559464

		9.01		-0.0927808112		0.2488816569		1103.9466440325		0.0000503478

		9.11		-0.1165565153		0.237050142		1213.1251860332		0.0000453121

		9.21		-0.1389144053		0.2229921733		1333.1870089063		0.0000407824

		9.31		-0.1596503391		0.2068699664		1465.2233081417		0.0000367076

		9.41		-0.1785780636		0.1888640543		1610.4351857912		0.0000330417

		9.51		-0.1955308239		0.1691713723		1770.1447613939		0.0000297435

		9.61		-0.2103627717		0.1480032053		1945.807409612		0.000026776

		9.71		-0.2229501623		0.1255830163		2139.0252391347		0.0000241058

		9.81		-0.2331923298		0.1021441797		2351.5619390734		0.000021703

		9.91		-0.2410124344		0.0779276395		2585.3591319413		0.0000195406

		10.01		-0.2463579748		0.0531795163		2842.5543864857		0.0000175946

		10.11		-0.2492010643		0.0281486868		3125.5010592706		0.0000158431

		10.21		-0.2495384692		0.0030843573		3436.7901511258		0.0000142666

		10.31		-0.2473914106		-0.0217663446		3779.2743835652		0.0000128476

		10.41		-0.2428051343		-0.0461607369		4156.0947211952		0.0000115702

		10.51		-0.2358482541		-0.0698628881		4570.7095891962		0.0000104204

		10.61		-0.226611877		-0.0926458368		5026.9270603742		0.0000093852

		10.71		-0.215208519		-0.1142937071		5528.9403142976		0.0000084532

		10.81		-0.2017708261		-0.1346036997		6081.3667019098		0.000007614

		10.91		-0.1864501108		-0.15338794		6689.290783048		0.0000068585

		11.01		-0.1694147232		-0.1704751685		7358.3117418122		0.0000061782

		11.11		-0.1508482698		-0.1857122564		8094.5956260878		0.0000055655

		11.21		-0.1309477014		-0.1989655352		8904.932903105		0.0000050139

		11.31		-0.1099212874		-0.2101219269		9796.8018731726		0.000004517

		11.41		-0.0879864973		-0.219089868		10778.4385391107		0.0000040696

		11.51		-0.0653678108		-0.2258000174		11858.913589969		0.0000036666

		11.61		-0.0422944774		-0.2302057449		13048.2172249243		0.0000033037

		11.71		-0.0189982482		-0.2322833966		14357.352617454		0.0000029767

		11.81		0.0042888998		-0.232032336		15798.4389016749		0.0000026823

		11.91		0.0273370222		-0.2294747621		17384.8246529104		0.000002417

		12.01		0.0499204302		-0.2246553091		19131.2129339561		0.000002178

		12.11		0.0718198539		-0.2176404307		21053.7990880992		0.0000019628
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n(a)

a

0.1415836788

0.3733741993

0.7369139566

1.3127056182

2.2588913533

3.919766427

7.1768230025

14.9818571627

44.4897906989



Distributions

		R [km]		Paris [cap/ha]		Moskow [cap/ha]																R		cos(PI/2/12.4)		Poly3		Bessel J(2.405/R*r,0) and exp(-r/(R+t))		290		K-1		R(I=6E6)		R(I=10E6)

		1		275		115																1		282.7164799789		275.871		287.6127584847				0.01		14.72		14.96

		2		280		170																2		275.9025126433		282.2484		280.509958894				0.02		12.38		12.58

		3		285		175																3		264.6672897885		275.2158		268.8667682792				0.03		11.19		11.37

		4		250		150																4		249.1908525115		257.6568		252.9697901393				0.04		10.41		10.58

		5		235		125																5		229.7212061062		232.455		233.2092164059				0.05		9.84		10.00

		6		200		95																6		206.5703458524		202.494		210.0681571289				0.06		9.41		9.56

		7		165		110																7		180.1092573845		170.6574		184.1094554112				0.07		9.05		9.20

		8		150		160																8		150.7619717571		139.8288		155.9603661476				0.08		8.75		8.90

		9		110		170																9		118.9987704742		112.8918		126.2955377643				0.09		8.50		8.64

		10		92		195																10		85.3286493676		92.73		95.818783827				0.1		8.28		8.41

		11		91		150																11		50.2911620912		82.227		89.4827935767				0.11		8.08		8.21

		12		90		140																12						85.0756878653				0.12		7.91		8.04

		13		80		195																13						80.8856359581				0.13		7.75		7.88

		14		78		260																14						76.9019477657				0.14		7.61		7.73

		15		70		300																15						73.1144596949				0.15		7.48		7.60

		16		53		240																16						69.5135087185				0.16		7.36		7.48

		17		50		255																17						66.0899077216				0.17		7.25		7.37

		18		55		270																18						62.834922063				0.18		7.15		7.26

		19		70		250																19						59.7402472901				0.19		7.05		7.17

		20		60		200																20						56.7979879516				0.2		6.96		7.07

		21		65		240																21						54.0006374545
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Sheet6

		r						I		K

		0.01		0.999975003		-3.0054556509		1.0000250001		4.721244735

		0.11		0.9969772896		-1.4726049764		1.0030272866		2.333267877

		0.21		0.9890053527		-1.0486186907		1.0110554187		1.7061851994

		0.31		0.9761189172		-0.7846768797		1.0241696733		1.3424657868

		0.41		0.9584144698		-0.5884050576		1.0424685721		1.0930090485

		0.51		0.9360244564		-0.4299273869		1.0660897036		0.9080637359

		0.61		0.9091161802		-0.2959947019		1.095210871		0.7646395296

		0.71		0.8778904103		-0.1797011816		1.1300515774		0.6501239979

		0.81		0.8425797142		-0.0770773011		1.1708748598		0.5568106822

		0.91		0.8034465269		0.0143110036		1.2179894895		0.4796285917

		1.01		0.7607809748		0.0960257697		1.2717525569		0.4150561277

		1.11		0.7148984732		0.1691046642		1.3325724641		0.3605459542

		1.21		0.6661371176		0.2342576595		1.4009123517		0.3141961104

		1.31		0.6148548923		0.2919851884		1.477293989		0.274550243

		1.41		0.5614267202		0.3426526366		1.5623021638		0.2404702111

		1.51		0.50624138		0.3865391795		1.6565896072		0.2110515176

		1.61		0.4496983161		0.4238708232		1.7608825007		0.1855652496

		1.71		0.3922043709		0.4548433137		1.8759866099		0.1634170623

		1.81		0.334170466		0.4796383046		2.0027941029		0.1441174872

		1.91		0.2760082617		0.4984348875		2.1422911106		0.1272599764

		2.01		0.2181268241		0.5114178301		2.2955660971		0.112504359

		2.11		0.1609293271		0.5187834092		2.4638191142		0.0995641936

		2.21		0.1048098191		0.5207434365		2.6483720216		0.0881969164

		2.31		0.0501500805		0.5175278947		2.8506797642		0.0781961013

		2.41		-0.0026833995		0.5093864759		3.0723428053		0.0693853249

		2.51		-0.0533423029		0.4965892419		3.3151208286		0.0616132209

		2.61		-0.101499194		0.4794265648		3.5809478287		0.0547494717

		2.71		-0.1468500403		0.4582084732		3.871948726		0.0486815346

		2.81		-0.18911652		0.4332635045		4.1904576537		0.0433119461

		2.91		-0.2280481		0.4049371413		4.5390380808		0.0385560901

		3.01		-0.2634238644		0.3735899027		4.9205049491		0.0343403362

		3.11		-0.2950540812		0.3395951482		5.3379490234		0.030600481

		3.21		-0.3227814937		0.3033366466		5.7947636711		0.0272804349

		3.31		-0.3464823264		0.2652059575		6.2946743088		0.0243311123

		3.41		-0.3660669996		0.2255996694		6.8417707798		0.0217094883

		3.51		-0.381480546		0.1849165351		7.4405429465		0.0193777955

		3.61		-0.3927027293		0.143554543		8.0959198149		0.0173028366

		3.71		-0.3997478635		0.1019079599		8.813312535		0.0154553952

		3.81		-0.4026643377		0.0603643817		9.598662086		0.0138097286

		3.91		-0.4015338513		0.0193018228		10.4584912537		0.0123431304

		4.01		-0.3964703682		-0.0209141233		11.3999613041		0.0110355523

		4.11		-0.3876188016		-0.059933023		12.4309352201		0.0098692768

		4.21		-0.3751534409		-0.0974222146		13.5600471261		0.008828632

		4.31		-0.3592761379		-0.1330692664		14.7967782916		0.0078997446

		4.41		-0.3402142688		-0.1665842582		16.1515407591		0.0070703239

		4.51		-0.3182184917		-0.1977018651		17.6357693375		0.0063294735

		4.61		-0.2935603205		-0.2261832228		19.2620227828		0.0056675265

		4.71		-0.2665295383		-0.25181756		21.0440950823		0.0050759015

		4.81		-0.2374314732		-0.274423581		22.9971378463		0.0045469761

		4.91		-0.2065841632		-0.2938505888		25.1377949209		0.0040739757

		5.01		-0.1743154348		-0.3099793378		27.4843504456		0.0036508764

		5.11		-0.1409599221		-0.3227226103		30.0568917027		0.0032723186

		5.21		-0.1068560536		-0.332025513		32.8774882449		0.0029335318

		5.31		-0.0723430334		-0.3378654909		35.9703889339		0.0026302677

		5.41		-0.0377578449		-0.3402520615		39.3622386894		0.0023587417

		5.51		-0.0034323009		-0.339226272		43.0823169309		0.0021155805

		5.61		0.0303098304		-0.3348598859		47.1627998904		0.0018977765

		5.71		0.0631556012		-0.3272543091		51.6390491992		0.0017026472

		5.81		0.0948055357		-0.3165392654		56.5499293907		0.0015277989

		5.91		0.1249761362		-0.3028712348		61.9381572291		0.0013710951

		6.01		0.1534022208		-0.2864316719		67.850686069		0.0012306283

		6.11		0.1798390739		-0.2674250192		74.3391287736		0.0011046947

		6.21		0.2040643917		-0.2460765376		81.4602230745		0.0009917722

		6.31		0.2258800055		-0.2226299719		89.2763436523		0.0008905006

		6.41		0.2451133712		-0.1973450759		97.8560656463		0.0007996639

		6.51		0.2616188107		-0.1704950193		107.2747847794		0.000718175

		6.61		0.2752784986		-0.1423637007		117.6153998097		0.0006450614

		6.71		0.2860031852		-0.1132429926		128.9690635972		0.0005794532

		6.81		0.2937326527		-0.0834299426		141.4360097114		0.0005205723

		6.91		0.298435902		-0.0532239577		155.1264622059		0.0004677218

		7.01		0.3001110711		-0.0229239968		170.1616369601		0.0004202783
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		2571		35.22		5.16		0.9				0.9		35.22		42.90				45		0.9277712952		0.0141968106

		3464		47.45		12.23		1				1		47.45		65.90				50		0.93		0.0022287048

		1808.2		24.7698630137

		lei94		$94		D$94		%pop.

		16676		10.42		10.42		0.1

		24683		15.42		5.00		0.2

		29750		18.58		3.16		0.3

		34069		21.28		2.70		0.4

		38626		24.13		2.85		0.5

		43335		27.07		2.94		0.6

		49122		30.68		3.61		0.7

		56797		35.48		4.79		0.8

		68679		42.90		7.42		0.9

		105505		65.90		23.00		1

														Avg.$89/mo/cap		%pop89		d%pop89		94/mo/cap		%pop94		d%pop94		avg$89		avg$94

														10.00		9.80%		9.80%		10.00		9.70%		9.70%		0.98		0.97

														15.00		20.00%		10.20%		15.00		20.00%		10.30%		1.53		1.545

														20.00		36.00%		16.00%		20.00		36.00%		16.00%		3.2		3.2

														25.00		64.00%		28.00%		25.00		54.00%		18.00%		7		4.5

		Avg.Lei89/mo/cap		%pop.										30.00		80.00%		16.00%		30.00		68.00%		14.00%		4.8		4.2

		737		0.1		737		0						35.00		89.00%		9.00%		35.00		79.00%		11.00%		3.15		3.85

		1065		0.1		958.5		0.1						40.00		94.00%		5.00%		40.00		87.00%		8.00%		2		3.2

		1259		0.1		1007.2		0.2						45.00		97.50%		3.50%		45.00		92.00%		5.00%		1.575		2.25

		1444		0.1		1010.8		0.3						50.00		100.00%		2.50%		50.00		95.00%		3.00%		1.25		1.5

		1611		0.1		966.6		0.4						55.00						55.00		97.00%		2.00%		0		1.1

		1780		0.1		890		0.5						60						60		98.60%		1.60%		0		0.96

		1957		0.1		782.8		0.6						65						65		100.00%		1.40%		0		0.91

		2194		0.1		658.2		0.7						sum				100.00%						100.00%		25		28		avg.X

		2571		0.1		514.2		0.8																		25		25		max.X

		3464		0.1		346.4		0.9

																												37.5

																								kT

																								(3/2)*kT

																								2.5kT =

																								kT =

																								k =

																								T =
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		pop		zloty'87/cap/mo		$'87/cap/mo		%pop

		8074		6462		24.3849056604		9%		2.1113989394

		9785		9038		34.1056603774		10%		3.5788851964

		24235		12056		45.4943396226		26%		11.8239031481

		21419		15880		59.9245283019		23%		13.764621994

		12798		19792		74.6867924528		14%		10.2505315911

		7499		23841		89.9660377358		8%		7.2350647411

		4133		27815		104.9622641509		4%		4.6522074225

		5305		39768		150.0679245283		6%		8.5375594074

		93248								61.9541724401

		kT		49

		(3/2)*kT		62

		2.5kT =		111

		kT =		44

		k =		2

		T =		22





		



%pop



		$88/cap/mo=$88/cap/mo		Russia

		34.0909090909		6.30%		2.1477272727

		45.4545454545		13%		5.9545454545

		68.1818181818		34%		23.1818181818

		90.9090909091		24.60%		22.3636363636

		136.3636363636		14.00%		19.0909090909

		227.2727272727		6.00%		13.6363636364

		454.5454545455		2%		9.0909090909

						95.4659090909

		kT		70

		(3/2)*kT		95

		2.5kT =		165

		kT =		66.19

		k =		2

		T =		33





		



Russia



		$88/cap/mo		Theory		Estonia		Lithuania		Latvia		Russia		Ukraine		Moldova		Kazakhstan

		34.0909090909		4.06E-01		3.90%		3.60%		3.20%		6.30%		8.10%		13%		15.90%

		45.4545454545		4.24E-01		9%		10.70%		9.50%		13%		16.80%		19.80%		19.30%

		68.1818181818		4.25E-01		28%		34.60%		31.80%		34%		38.50%		37.30%		33.70%

		90.9090909091		4.02E-01		25.50%		27.10%		27.20%		24.60%		22.40%		18.90%		18.10%

		136.3636363636		3.30E-01		20.00%		14%		16.30%		14.00%		7%		6%		6%

		227.2727272727		1.91E-01		11.60%		8.00%		10.00%		6.00%		3%		3%		3%

		454.5454545455		3.66E-02		2%		2%		2%		2%		2%		2%		2%
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Sheet1

		R [km]		Paris [cap/ha]		Moskow [cap/ha]																R		cos(PI/2/12.4)		Poly3		Bessel J(2.405/R*r,0) and exp(-r/(R+t))		290		K-1		R(I=6E6)		R(I=10E6)

		1		275		115																1		282.7164799789		275.871		287.6127584847				0.01		14.72		14.96

		2		280		170																2		275.9025126433		282.2484		280.509958894				0.02		12.38		12.58

		3		285		175																3		264.6672897885		275.2158		268.8667682792				0.03		11.19		11.37

		4		250		150																4		249.1908525115		257.6568		252.9697901393				0.04		10.41		10.58

		5		235		125																5		229.7212061062		232.455		233.2092164059				0.05		9.84		10.00

		6		200		95																6		206.5703458524		202.494		210.0681571289				0.06		9.41		9.56

		7		165		110																7		180.1092573845		170.6574		184.1094554112				0.07		9.05		9.20

		8		150		160																8		150.7619717571		139.8288		155.9603661476				0.08		8.75		8.90

		9		110		170																9		118.9987704742		112.8918		126.2955377643				0.09		8.50		8.64

		10		92		195																10		85.3286493676		92.73		95.818783827				0.1		8.28		8.41

		11		91		150																11		50.2911620912		82.227		89.4827935767				0.11		8.08		8.21

		12		90		140																12						85.0756878653				0.12		7.91		8.04

		13		80		195																13						80.8856359581				0.13		7.75		7.88

		14		78		260																14						76.9019477657				0.14		7.61		7.73

		15		70		300																15						73.1144596949				0.15		7.48		7.60

		16		53		240																16						69.5135087185				0.16		7.36		7.48

		17		50		255																17						66.0899077216				0.17		7.25		7.37

		18		55		270																18						62.834922063				0.18		7.15		7.26

		19		70		250																19						59.7402472901				0.19		7.05		7.17

		20		60		200																20						56.7979879516				0.2		6.96		7.07

		21		65		240																21						54.0006374545
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Sheet6

		r						I		K

		0.01		0.999975003		-3.0054556509		1.0000250001		4.721244735

		0.11		0.9969772896		-1.4726049764		1.0030272866		2.333267877

		0.21		0.9890053527		-1.0486186907		1.0110554187		1.7061851994

		0.31		0.9761189172		-0.7846768797		1.0241696733		1.3424657868

		0.41		0.9584144698		-0.5884050576		1.0424685721		1.0930090485

		0.51		0.9360244564		-0.4299273869		1.0660897036		0.9080637359

		0.61		0.9091161802		-0.2959947019		1.095210871		0.7646395296

		0.71		0.8778904103		-0.1797011816		1.1300515774		0.6501239979

		0.81		0.8425797142		-0.0770773011		1.1708748598		0.5568106822

		0.91		0.8034465269		0.0143110036		1.2179894895		0.4796285917

		1.01		0.7607809748		0.0960257697		1.2717525569		0.4150561277

		1.11		0.7148984732		0.1691046642		1.3325724641		0.3605459542

		1.21		0.6661371176		0.2342576595		1.4009123517		0.3141961104

		1.31		0.6148548923		0.2919851884		1.477293989		0.274550243

		1.41		0.5614267202		0.3426526366		1.5623021638		0.2404702111

		1.51		0.50624138		0.3865391795		1.6565896072		0.2110515176

		1.61		0.4496983161		0.4238708232		1.7608825007		0.1855652496

		1.71		0.3922043709		0.4548433137		1.8759866099		0.1634170623

		1.81		0.334170466		0.4796383046		2.0027941029		0.1441174872

		1.91		0.2760082617		0.4984348875		2.1422911106		0.1272599764

		2.01		0.2181268241		0.5114178301		2.2955660971		0.112504359

		2.11		0.1609293271		0.5187834092		2.4638191142		0.0995641936

		2.21		0.1048098191		0.5207434365		2.6483720216		0.0881969164

		2.31		0.0501500805		0.5175278947		2.8506797642		0.0781961013

		2.41		-0.0026833995		0.5093864759		3.0723428053		0.0693853249

		2.51		-0.0533423029		0.4965892419		3.3151208286		0.0616132209

		2.61		-0.101499194		0.4794265648		3.5809478287		0.0547494717

		2.71		-0.1468500403		0.4582084732		3.871948726		0.0486815346

		2.81		-0.18911652		0.4332635045		4.1904576537		0.0433119461

		2.91		-0.2280481		0.4049371413		4.5390380808		0.0385560901

		3.01		-0.2634238644		0.3735899027		4.9205049491		0.0343403362

		3.11		-0.2950540812		0.3395951482		5.3379490234		0.030600481

		3.21		-0.3227814937		0.3033366466		5.7947636711		0.0272804349

		3.31		-0.3464823264		0.2652059575		6.2946743088		0.0243311123

		3.41		-0.3660669996		0.2255996694		6.8417707798		0.0217094883

		3.51		-0.381480546		0.1849165351		7.4405429465		0.0193777955

		3.61		-0.3927027293		0.143554543		8.0959198149		0.0173028366

		3.71		-0.3997478635		0.1019079599		8.813312535		0.0154553952

		3.81		-0.4026643377		0.0603643817		9.598662086		0.0138097286

		3.91		-0.4015338513		0.0193018228		10.4584912537		0.0123431304

		4.01		-0.3964703682		-0.0209141233		11.3999613041		0.0110355523

		4.11		-0.3876188016		-0.059933023		12.4309352201		0.0098692768

		4.21		-0.3751534409		-0.0974222146		13.5600471261		0.008828632

		4.31		-0.3592761379		-0.1330692664		14.7967782916		0.0078997446

		4.41		-0.3402142688		-0.1665842582		16.1515407591		0.0070703239

		4.51		-0.3182184917		-0.1977018651		17.6357693375		0.0063294735

		4.61		-0.2935603205		-0.2261832228		19.2620227828		0.0056675265

		4.71		-0.2665295383		-0.25181756		21.0440950823		0.0050759015

		4.81		-0.2374314732		-0.274423581		22.9971378463		0.0045469761

		4.91		-0.2065841632		-0.2938505888		25.1377949209		0.0040739757

		5.01		-0.1743154348		-0.3099793378		27.4843504456		0.0036508764

		5.11		-0.1409599221		-0.3227226103		30.0568917027		0.0032723186

		5.21		-0.1068560536		-0.332025513		32.8774882449		0.0029335318

		5.31		-0.0723430334		-0.3378654909		35.9703889339		0.0026302677

		5.41		-0.0377578449		-0.3402520615		39.3622386894		0.0023587417

		5.51		-0.0034323009		-0.339226272		43.0823169309		0.0021155805

		5.61		0.0303098304		-0.3348598859		47.1627998904		0.0018977765

		5.71		0.0631556012		-0.3272543091		51.6390491992		0.0017026472

		5.81		0.0948055357		-0.3165392654		56.5499293907		0.0015277989

		5.91		0.1249761362		-0.3028712348		61.9381572291		0.0013710951

		6.01		0.1534022208		-0.2864316719		67.850686069		0.0012306283

		6.11		0.1798390739		-0.2674250192		74.3391287736		0.0011046947

		6.21		0.2040643917		-0.2460765376		81.4602230745		0.0009917722

		6.31		0.2258800055		-0.2226299719		89.2763436523		0.0008905006

		6.41		0.2451133712		-0.1973450759		97.8560656463		0.0007996639

		6.51		0.2616188107		-0.1704950193		107.2747847794		0.000718175

		6.61		0.2752784986		-0.1423637007		117.6153998097		0.0006450614

		6.71		0.2860031852		-0.1132429926		128.9690635972		0.0005794532

		6.81		0.2937326527		-0.0834299426		141.4360097114		0.0005205723

		6.91		0.298435902		-0.0532239577		155.1264622059		0.0004677218

		7.01		0.3001110711		-0.0229239968		170.1616369601		0.0004202783

		7.11		0.2987850875		0.007174203		186.6748438383		0.0003776834

		7.21		0.2945130605		0.0367808413		204.8126998531		0.0003394371

		7.31		0.2873774209		0.0656146859		224.7364645547		0.0003050914

		7.41		0.2774868178		0.0934055983		246.6235100027		0.0002742452

		7.51		0.2649747856		0.1198969304		270.668938933		0.0002465388

		7.61		0.2499981936		0.1448477717		297.0873661114		0.0002216501

		7.71		0.2327354962		0.1680350277		326.1148793868		0.0001992903

		7.81		0.2133847995		0.1892553129		358.0111986322		0.0001792003

		7.91		0.1921617644		0.208326641		393.0620526111		0.000161148

		8.01		0.1692973692		0.2250899092		431.5817958354		0.0001449253

		8.11		0.1450355721		0.2394100735		473.9162897283		0.0001303453

		8.21		0.1196308225		0.2511772628		520.4460748708		0.0001172405

		8.31		0.0933455535		0.2603074697		571.5898638319		0.0001054607

		8.41		0.0664475983		0.2667430796		627.8083870829		0.000094871

		8.51		0.0392075871		0.270453129		689.6086277955		0.0000853504

		8.61		0.0118963421		0.2714333113		757.5484849665		0.0000767903

		8.71		-0.0152177028		0.2697057315		832.2419083199		0.0000690931

		8.81		-0.0418710358		0.2653184152		914.3645528582		0.0000621713

		8.91		-0.0678075298		0.2583445766		1004.6600058031		0.0000559464

		9.01		-0.0927808112		0.2488816569		1103.9466440325		0.0000503478

		9.11		-0.1165565153		0.237050142		1213.1251860332		0.0000453121

		9.21		-0.1389144053		0.2229921733		1333.1870089063		0.0000407824

		9.31		-0.1596503391		0.2068699664		1465.2233081417		0.0000367076

		9.41		-0.1785780636		0.1888640543		1610.4351857912		0.0000330417

		9.51		-0.1955308239		0.1691713723		1770.1447613939		0.0000297435
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Sheet1

		R [km]		Paris [cap/ha]		Moskow [cap/ha]																R		cos(PI/2/12.4)		Poly3		Bessel J(2.405/12.4*R,0)		290		K-1		R

		1		275		115																1		282.7164799789		275.871		287.27915692				0.01		14.72		14.96

		2		280		170																2		275.9025126433		282.2484		279.1931679136				0.02		12.38		12.58

		3		285		175																3		264.6672897885		275.2158		265.9692696417				0.03		11.19		11.37

		4		250		150																4		249.1908525115		257.6568		247.978292838				0.04		10.41		10.58

		5		235		125																5		229.7212061062		232.455		225.7230917493				0.05		9.84		10.00

		6		200		95																6		206.5703458524		202.494		199.8228789814				0.06		9.41		9.56

		7		165		110																7		180.1092573845		170.6574		170.9939796342				0.07		9.05		9.20

		8		150		160																8		150.7619717571		139.8288		140.0276341808				0.08		8.75		8.90

		9		110		170																9		118.9987704742		112.8918		107.7655747495				0.09		8.50		8.64

		10		92		195																10		85.3286493676		92.73		75.0741702858				0.1		8.28		8.41

		11		91		150																										0.11		8.08		8.21

		12		90		140																										0.12		7.91		8.04

		13		80		195																										0.13		7.75		7.88

		14		78		260																										0.14		7.61		7.73

		15		70		300																										0.15		7.48		7.60

		16		53		240																										0.16		7.36		7.48

		17		50		255																										0.17		7.25		7.37

		18		55		270																										0.18		7.15		7.26

		19		70		250																										0.19		7.05		7.17

		20		60		200																										0.2		6.96		7.07

		21		65		240
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